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TRANSITION DENSITIES OF ONE-DIMENSIONAL LEVY PROCESSES 


TONGKEUN CHANG 


Abstract. In this paper, we study the existence of the transition densities of one-dimensional 
Levy processes. Compared with past results, our results contain the Levy processes whose Levy 
symbols have logarithm behavior at infinity. Our results contain the Levy symbol induced by the 
following Laplace exponent 


■0(0 := (ln(l + ln(l + ln(- • ■ ln(l + |£|))))) e , 0 < e < 1, 2 < n. (0.1) 

' -- -~' 


n times 


We also show that ip defined by 10.11 is a Levy symbol with transition density. 
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1. Introduction 


In this paper, we study the existence of the transition densities of one-dimensional Levy processes. 
Let {Pt, t > 0} be a distribution of the Levy process X t whose Fourier transform is P(Pt)(g) = 
J R e l ^ v Pt(dy) = e~ tr, ^\ where the Levy symbol rj has the form 



with constant b, non-negative constant A and Levy measure v. The Levy measure v satisfies 



The transition densities of the Levy processes are important tools in theoretical probability, 
physics and finance. So, the existence of the transition densities and the asymptotic property of 
the Levy processes, in particular a-stable processes, have been studied by many mathematicians 
(see [2J EJ 0 EJ 0 0 0 m EU EH Ell EH ESI HZ])- In those studies, transition densities have 
the desirable properties of continuity and boundedness, because the Levy symbols demonstrate 
asymptotic, polynomial behavior at infinity. 

In the present paper, we assume that the Levy symbol rj has logarithmic behavior at infinity 
(see my To demonstrate the existence of transition density, we use Fourier-analytic methods. In 
general, the differentiability of J-(f) is related to the behavior of / at infinity and the behavior at 
infinity of P(f) is related to the differentiability of /. Therefore, transition densitie, do not have 
good regularity (for example, continuity and boundedness), since we assume that the Levy symbol 


l 
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77 has logarithmic behavior at infinity. Instead, to determine the behavior of transition density at 
infinity, we will assume that 77 lies in C 2 (R \ { 0 }). Our main results are as follows; 


Theorem 1.1. Let 77(7)) = rji (£) +*?72(£) be a Levy symbol of the one-dimensional Levy process X t . 
Suppose that rji and 772 satisfy the following assumptions: there are a 0 < e < 1 and a e > 0 such 
that, for (el, 


where 


m(0 > ot € s e n (C), 


M£)l < c 
\Vi(£)\, l%(f)l < c 
\Vi{€)\, !%(£)! < c 


m iei<i, 

Sn _1 (0^l(0. ICI > 1, 

\z\ e -\ lei < 1 , 
sfrHZKUm + M)- 1 , 
l£l e - 2 , lei < 1 , 

1 + ia)- 2 , 


ici > 1, 
ici > 1, 


(i.i) 


Si(0 = ln (l£l + !). 

Sn (0 := l n (! + Sn-i( 0 )> n> 2 , 

r n (0 ■= s n (Qs n -i(£) ■ ■ ■ si(£)(= s n (f)r„_i(£)). 

Then, X t has a transition density pt such that for all 0 < t < oo, pt satisfies that, if |x| < 1 , then 

Pt(x) < c(i)Ae-° , ‘ ,i(i) C 1 (;)^-i(;) 

\X\ X X 

and, if \x\ > 1 , then 


Pt{x) < c(t) 


la:)- 1 - 6 , 0 < e < 1, 

\ x \~ 2 ln(l + M)> e = l, 


where c{t) is positive constant dependent on t such that c(t) < ct for t < 1 . Moreover, if |?7 1 (£)| is 
integrable in the interval (0,1), then for |x| > 1, 

Pt(x) < c(t)\x\~ 2 , e=l. 


Theorem 1 . 2 . Let 77 be a symmetric real-valued function satisfying the assumption of Theorem U. 1 \ 
such that 


(0 > c ■ 


v(0 < u 0 4 ( 0 . 

' ^(O^-r^a + O- 2 , l£l >1, 

i*r 2 , ici<i- 

Then, the transition density p t of X t satisfies that if |x| < 1 , then 


p t {x) > c{t)—e 

\x 


4 ( x )r "- l( x } 


( 1 . 2 ) 
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and, if |x| > 1, then 


p t (x) > c(t ) 


lip=f. 0 < e < !> 

1 R (1 + M)> e = 1. 


Moreover, if \rfr (£)| is integrahle in the interval (0,1), then, for |x| > 1, 


p t (x) > c{t)\x\ , e = 1. 


The typical examples of the one-dimensional Levy processes are subordinators. Let the Levy 
process S t be a subordinator, that is, 

S t >0 a.s. for each t > 0, 

St i < St 2 a.s. whenever t\ < t 2 - 
The Levy symbol 77 of subordinator S t has the form 

poo 

=ib£- / {e <v - 1)A (dy), (1.3) 

Jo 

where b > 0 and the Levy measure A satisfies the additional requirements 

/>oo 

A(—oo, 0) = 0, / min(y, l)A(dy) < oo. (1-4) 

Jo 

Conversely, any mapping if : R —» C of the form (11.31) is the Levy symbol of a subordinator. 

Now, if St is subordinator, then, for each t > 0, the map /(£) = Ee l ^ St = e ~ iv ^ can be 
analytically continued to the region {n + it; \ v eR, ( > 0}. Let F(z) = e~ tv ^ be an analytical 
extension of over {u + i£ \ v £ K, £ >0}. Then, we get 

F(if) = Ee~^ St = e" t7?(i5) := e"^, £ > 0, 

where 

pOO 

V>(£) = v(i£) = -b£- / (e~^ - l)X(dy) (1.5) 

Jo 

for each £ > 0. This is much more useful for theoretical and practical applications than is the Levy 
symbol. The function tp is usually called the Laplace exponent of the subordinator. 

The Laplace exponents of subordinators are characterized by the Bernstein functions. We say 
that the continuous function %p : [0, oo) —>• [0, oo) is a Bernstein function if (—1 ) k ip^ < 0 for all 
k £ N. If -0 is the Laplace exponent of the subordinator, then, from (11.51) . ip is a Bernstein function. 

Conversely, if ip is a Bernstein function, then there are a non-negative real number b and a measure 
A defined in R satisfying m such that OD holds. Moreover, there is a subordinator St such that 

( 1 - 6 ) 


is the Levy symbol of St- 
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This paper is organized as follows. In section [2j we introduce two lemmas to prove Theorem ll.il 
and Theorem 11.21 In section [3] and section 01 we prove Theorem 11.11 and Theorem 11.21 respectively. 
In section 0 we introduce examples satisfying Theorem 11.11 and Theorem 11.21 

In this paper, we denote by c various generic positive constants and by c(*, • • ■ , *) the constants 
depending only on the quantities appearing in the parenthesis. 

2. Main Lemmas 

In this section, we introduce the two lemmas for the proofs of Theorem 11.11 and Theorem 11.21 
The first lemma is as follows. 

Lemma 2.1. Suppose that, for £ € R \ {0}, 

MO > MIO), MO I < MIO), 

hi (01: 1^(01 < 5-3(101), 

hi (01, ha (01 < 54(10)- (2-1) 

Let /i(0 = e~ tm ^L) cos t? 7 2 (£), / 2 (0 = e ~ tm ® sin tr] 2 { 0 and 

G (0 := e-^{0(t 2 5 3(0 2 +*fl4(0)- 

Suppose that G is decreasing in (0, oo). Then, for x £ R and t € (0, oo), 

f / i r°° ii p 2 ffey „ \ 

I / fi(£)cosx£d£\ < c(|-j 2 / G{y)dy +-r-^G(-) + G(y)y 2 dy ), 

Jr v FI J FI x Jo J 

| / / 2 (0si n ^0 < c (|-j 2 [ G (y) d y + -n [ e~ t9l ^ ] g 2 {\-\)dy\. 

Jr v FI J ^ FI Jo x / 

Proof. Note that 

A (0 = e _t7)1 ® ^(—t?7i(0) 2 cos try 2 (0 + (~tVi (0) cosMO + (“M(0)(-O 2 (0) sin M0 
+ (-%(0)(-O 2 (0)sint77 2 (0 + (-t%(0) sin M0 - (*%(0) 2 costr/ 2 (0), 

A (0 = e _t 7 ,l(£) ((-ti?i( 0 ) 2 sint? 72(0 + (~^i (0) sinM0 + (-*»h(0)(*%(0) cos M0 

+ (—M0)(O 2 (0)cosf77 2 (0 + (*%(0) cosi M0 - (O 2 (0) 2 sintT? 2 (0)- 

From the assumptions (O) of yi and g 2 , we get 

IA (01, IA (01 < ce-^«>((-M0) 2 +1 -^1 (01 +1 -O 2 (0l + M%(0) 2 ) 
<ce- t 9 ^(t 2 g 3 m 2 + MI 0 )) 


< cG(|0). 
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Using the change of variables, we have 

[ fi(Q cos(xt;)d£ = E [ /i(-)cos^ 
Jr FIjr x 

= o E 


( 2 . 2 ) 


—oo</c<oo 


where 

/• 2 ir(fe+l) c 

Ik( x ) = /i(-)cos£d£ 

J2irk x 

£ l‘'Znfc-\-TT £ 


/» 27 rfc+ 7 T 

/i(-)cos£d£+ / /i(-)cos^ 

2irk x J2nk-\-^ X 

r2nk-\-^7v t i'27vk-\-2n t 

+ / /i(-)cos^+ / /i(-)cos£d£ 

J 2TTk+TT X J 27rfc+^7T 


/ > 5 7r ‘2'irk / > 5 7r ‘2,'KhA-TT — f 

J /i( -^)cos(27Tfc + 0<^+ / /i(-^- i)cos(27rfc + 7r-Odf 


/o a; 

4- / cos (27rfc + 7T + 0< 


/o 


a; 


+ / 2 ^ /i(———————) cos(27rfc + 27 t — 0d£ 


(/i( 


27Tfc + ^ 27Tfc + 7T-^ 27Tfc + 7T + ^ 27Tfc + 27T-^ ^ 

-) - /i(-) - /i(-) + A(-) cos£d£. 

X X X x / 


(2.3) 


Using the mean-value theorem, there are ei €= (£, 7r — 0> £2 £ (tt + £, 27r — £) such that 


/l( 4i±i, _ /i( «±zzi) = _ 20, 

X XXX 

2ttA; + 7T + £ 1 2irk + 27r — £ 1 , 27r/c + e 2 w 

Ji(-) “ JH-) =-At-(l 71- “ 2£). 

X XXX 

We use the mean-value theorem again such that 

1 / 27rfc + ei 1 , 27rfc + e 2 w oc y 1, oeU . » 2kn + e 3 

-/i(- )(tt - 20 + -A(-)(tt - 20 = — (tt - 20(e 2 - £i)A (-), 

rr‘ rv» /r* 2Y* 2V>^ 2Y* 

J; U/ a/ J; Jy Jy 

where £3 lies between £3 and e 2 . Hence, we obtain 

^(f) = tE/ (tt - 20 (e 2 ~ £i)A + E cos^riO (2.4) 

FI Jo x 

Since A is dominated by the positive and decreasing function G , we have 


< c 


l^G(^f), fc>l, 
^G(^+M), k < —2. 


(2.5) 
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Since G : (0, oo) —> (0, oo) is a decreasing function, we have 


£m*)i< 4(£ g ® + £ g < 2 * i * +1! 


, , X* \ *—" \X\ 

2<\k\ 2<k 1 1 

<4 E g (tt) 

' \x\ 


k<—2 


2</c<oo 
/*oo 


< C- 


= C 


c 2 |x| 

1 /*o° 

G{y)dy. 


2n\x\ J 2 ,rr 


In the case k = 0, from (12.31) . we have 


- / 2 4i(-)cos^=- / 2 + 

X Jo X X In \ X X X X 


U\ Jt 

t-€ 


cos gdg 


o 

1 r 


2-TT-g 

fi(y)dy+f'i{y)dy) cos£dt; 


X 


+ A(- + y))dy cob £d£ 


1 ft /—sr* fi+v „ 

~ I J f 1 {z)dzdy cos £d£. 


Hence, using Fubini’s theorem, for x > 0, we have 


|| / 2 "/i(-)cos^|< - / 2 / * f* +V G{z)dzdydH 
% Jo ^ «/Q «/J- Jy 


_ 7r-l 2 7T TT + g 7T-g 

G(z) f dydzdl ; + — f f G(z ) [ dydzdl ; 


* Jo Jl 

1 

+ - 


Z ,/n ./l±« 


X 

X 

2ar-g 7r-g 

G(z) / dydzdl ; 


I J* f ’ G<2)(2 - | / " G(s) T 


X. n . ZjzI 


X.I 0 ,/z±i 


X 


: = A 1 ,!^) + ^0,2 (a) + ^0,3 fa)- 


( 2 . 6 ) 


z)dzd g 
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Using Fubini’s theorem, we get 

1 f# f xz f I /■§ r-IT-XZ £ 

Io i(x) = — / G(z) / (z -+ - / G(z) / (z --)d£dz 
x Jo Jo x x J-g- Jo x 


<o 

1 r* 

2 7o 


G(z)z 2 dz + - [ G(z)(z 2 — ( — ) 2 )dz 


< \ G{z)z 2 dz + ^G(^) (z 2 - (^f)dz 

r 2x _ 11 

< c ( J o g (^ 2 ^+^ g (-))- 

Next, we estimate /q 2 . Using Fubini’s theorem, we have 


7 o, 2 < c -2 


~g 


G(z)dzd£ 


r 2x 
J2 


= c— l G(z)dz 


<4g(i). 


(2.7) 


( 2 . 8 ) 


Next, we estimate Ig 3 . Using Fubini’s theorem, we get 

1 C fee pXZ — TX c\ t 1 /* P-XZ-\-27T c\ A 

7q q — — / G(z) / (- z)d^dz H— / G(z) / (- z)d^dz 

’ x Jf Jo X X J^L Jo x 

3 tv 2tv 

1 r 2x 1 4 a: 7T 1 

= - / G{z)(xz 7T)(- - -)dz + - / G(z)(-xz + 2 tt)(— - -*)dz 

X J 2L ZX 2 X I 377 X z 

a; 2a: 

<c 4 g (-). (2.9) 

a; 13 a; 

Hence, from (12.71) . (12.81) and (12.91) . we have that, for 0 < x, 

i c 2 ’ 1 ’ f i i 

Io<\~ /i(~) cos^d^| < c(-j— 13 G(—) + / G(z)z 2 X). (2.10) 

X Jo x \ x \ x Jo 

By similar calculation, (12.101) holds for x < 0. Using the same argument, we obtain 

I j‘0 P 1 1 7 2lxT 

Zi(-)cos^| < c( — jgG(-) + / G(z)z 2 dz). (2.11) 

x J — 2 tt x \ x \ x Jo 

Hence, by (12.2D . (12.61) . (12.101) and (12.111) . we obtain the first inequality of Theorem 12.II 
Next, we have 


[ / 2 (£)sin(x£)d£ = -4 [ / 2 (-) sin£d£ 
Jr Fl Jr a; 


= u 5 (^+4n 


where for A: > 0, 


,2ir(fc+l) + ±ir t 

I k( x ) = / 2 (-)sin£d£, 

J 2nk-\-T?n ^ 


il'\ x ) = 


0</c<oo 


(»27r( —/c)— -|7r 


X. 


/ / 2 (-)sin£d£. 

27r( —fc—1)—^7T *4 
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Using two applications of mean-value theorem, there are ei £ + |7r —£), e 2 £ + §7r —£) 

and £3 £ (£ 1 , 62 ) such that 


ll\x) = 


/>27r(/c+l) + -ij7r 


/ 2 (-)sin^ 


Hence, we have 


(/ 2 ( 


27rfc + W + £ 27 tAt + §7r — £ 

- 4 -) - / 2 (-f-) 


2?rfc + §7r + £ 

/ 2 \ 


) + /2( “U--f 




1 27rfc-|-£3 . 

- 2 / 2^(e 2 -£i)/ 2 ( ---)sm^. 


sin£<i£ 


/o 


x 


rj'wisc; 




1 f 2 27rfc + ^7T 

-W. c( T^j- K 


( 2 . 12 ) 


Using similar calculation to /^(x), we have 


Kf (x)i < c r L G( ^i±i:). 


(2.13) 


Hence, we have 


Note that 


X) (I4 2 ’ 1 (2 ; )l + I j fc’ 2 (2 ; )l) X G ( 2?rfc M 2?F ) 

0</c<oo l</c<oo 


1 f°°^/ 27T y + 2 n \j 

wl G{ ^^ )dy 


1 


— C- 


Fl 

G(y)dy. 


2RT 


1 n* £ 1 /'s 77 

\~ / 2 (-) sinfd£| < c-j—r / 

x I-Itt x HI 


e -t9 i( ifi)^ 2 (|i|)£ 




Hence, we obtain the second inequality of Lemma 1211 We complete the proof of Lemma I27T 


□ 


The second lemma is as follow. 


Lemma 2.2. Let 0 < e < 1 and n > 2. 
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(1) For a > — 1 and a > 1, 


< c ( a I i ) a a+ ie- ta -i(“) # ri ( a ) r^ l( o ) . 

(2) Let — 1 < a and ao satisfy (1 + a) -1 (n — e + efa £ )ln(l + ao ) -1 = 5 (that is, ao 

g 2(l+a) (n-l+a 6 i) _ lj p or a > aQ) 

r^ e -t Q6 4(,) 4 -l Wr -l i(;2) ^< c(a)a a + l e - to6 4(a) 4 -l (a)r -l i(a) _ 

J 0-0 

(3) For a < — 1 and a > 1, 

POO 

J a 


Proof. To prove (1) of Lemma 12.21 it is sufficient to show 


a—toe a a+1 e~ ta ‘ s€ ^ a ) s e r F 1 {a)r~(_ 1 {a) 


Using L’ Hospital’s theorem, we have 


f° z a e -to".‘ n (z) a e-l( z)r -l {z)dz 0 a e -ta..; ( a) s «- 1 ( a)r -l ( fl ) 

lim —---—-i-;- = lim 


a->-oo a a+1 e _taeS «( a )s^ 1 (a)r n ^ 1 (a) 00 


T(a) 


where 


T(a) = ^(“ a+1 ^ fe4W 4- 1 («)»- n --i(«)) 

= (a + l)a“e“ tasS " (a) s; _1 (a)r"l 1 (a) - eto e a“ +1 e _ta ' s " (a) s^ _2 (a)r^ 1 (a)(s n (a))' 

+ (e - 1 )a“ +1 e“ taeS " (o) s;" 2 (a)r“l 1 (a)(s„(a))' - a «+ 1 e -^< ( “) s ^(a)r^ 1 (a)r^_ 1 (a). 


Note that 


k—n— 1 


s n( a ) — II (1 + Sfe) 1 (a)(l + a) 1 , 
fc= 1 

4( a ) = 51 <fc ( a ) II ( 1 + s 0~ 1 ( a )( 1 + a ) _1 > 


l</c<n Z=1 


where ffc(a) = . Hence, we get 


a „a„-ta E «^(z) r -l 


/i*“e 


Hm j 1 - - ■■ 'Vit# 


a->oo a “ +1 e * a « s n( a )g^ 1 (a)r n l 1 (a) 


= lim 


a^oo ( a + i) + a (_ £toeS e i i(a) + (e _ l)s„ 1(a)) nt=r (f + Sfc)^)" 1 - i^^i(a)E 


jl<k< 


= («+!) ■ 


^fe( a ) r fe 1 ( a ) 


This completes the proof of (1) of Lemma [2721 
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Using the change of variables and integration by parts sequentially, we get 


[ a (z + l re-^^s^izy-^dz = [ 

Jan J lr 


In ( 1 +a) 


e (l + a), z - 1 e - t a.,i. lWjr _l( 2 )-l aWdj , 


In (l+a 0 ) 

= (1 + Q )- 1 e (l+«)^-l e -tae<_ I (U < -l( 0)r -l 2 (^) 

In ( 1 +a) 

In (l+a 0 ) 


In ( 1 +a) 
In (l+a 0 ) 


An (1+a) 7 

(1 + a )- 1 / d Z . 

dlna+on) dz V 7 


Note that 
d 


— ( Z - l e - ta ‘ S n- iW., 6 " 1 . I+V " 1 

dz V 




S n-l(^) r ™- 2 (^) 

(z) 4 + 1 i( 2 )r“+(z)(z - 1 +eto e s^\(z) (1 + s fe (z))- 1 (l + z )" 1 


k—n—2 


k=l 


k=n —2 


Z=fc —1 


-(e-l)s„+(z) [J (l + s fe (z)) Hl+z) 1 +r n i 2 (z) ^ 4 (a) (l + S/ (a)) ^l + a) ^ 


/c=l 

= ^- 1 e _tQ!eS n- 1 ( 2 : ). <S e - 1 .^V _1 


l</c<n—2 


Z=1 


4-l(~K- 2 (4-R( + 


Since l?(z) is a decreasing function, for ln(ao + 1) < z, we get 


R(z) < ln(ao + 1) 1 + eto e ln(ao + 1) 1 - (e - 1) ln(a 0 + 1) 1 + (n - 2) ln(a 0 + 1) 1 
< (n — e + eta e ) ln(ao + 1 ) _1 * 

Since (1 + a) _1 (n — e + eta e ) ln(l + ao )” 1 = we have 

+ < ^z- 1 e-^<- l(z) 4 + 1 (z)r+ 2 (z), z>ln(l + a 0 ). 

Since s n _i(ln (1 + a)) = s n (a) and In (1 + a)r„_ 2 (ln (1 + a)) = r n _i(a), we have 


f a (z + 1 ) 

J an 


“e ~ ta * s ‘Jz) e E -h,W _1 


4 {z)r n -i(z)dz < 2(1 +a) e 


-i4 1 +“)^z- 1 e- t “ 6S ”-i( z )-‘i e -i~++- 1 


4-2^) r n-2(4 


In ( 1 +a) 
In (l+a 0 ) 


<c Q a 1 +“e- to '<W4- 1 (a)r- 1 i(a). 


Hence, we complete the proof of (2) of the Lemma T2. 2 1 

For (3) of Lemma HP1 using the change of variables and integration by parts sequentially, we get 


f 

J a 


) /*oo 

(z + ire-^^st\z)r-\{z)dz = / e& + *> z~'8^z)r~l 2 {z)d 

J In (1+a) 

= (1 + a)- 1 e( 1 +“) z z- 1 e-^<- 1 W < -i i (^) r .-^(z) 

d 


In ( 1 +a) 


(1 + a)" 1 [ 

J lr 


0 (l+c+ 


In ( 1 +a) 


-(z- 1 e-^<-^4+ 1 (z)r+ 2 (z))dz. 
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Since z 1 e ta ' s "- 1 ^ 2 ^s^_ 1 1 (2:)r n l 2 (z) is a decreasing function, ^ l e to ‘ cS ”- 1 ^ s^J]_(z)r n ^ 2 
a non-positive function. Since a < — 1 , we get 


is 


(Z + l) c 


0 -ta e s e n (z) v e-l( \ -1 


4 (z)r n -! (z)dz<(l + a) e 


-1 Jl+a)z -1 -toteS^-^z) e-1 ( \ -1 


CiWCjW 


In ( 1 +a) 


= -(1 + a) _1 (l + 0 )l+« e -*a. a ;W a e- 1 ( J!! ) r -l i ( 0 ) 
<_(l + a) -i a i+«e-^ s nW 4 -i (2)r -^ l(a) . 


Hence, we complete the proof of (3) of Lemma [2~?1 


□ 


3. Proof of Theorem 11.11 

In this section, we prove Theorem ll.il 
Let 


3i(0 : = ae4(0. 

m iei<i. 

S n 1 (0 l+r n _i({) ’ l£l — - 1 -’ 

icr\ ici<i, 

Sn-Wr-^m + wr 1 , ici>i, 

icr 2 , iei<i, 

^(CK-itoa + icir 2 , iei>i- 


32 (C) : = c 
33(0 : = c 


34(C) : = c 

From the Lemma l2Tl it is sufficient to estimate the following; 


4/> ( « R. 


s- t9l(|) 32 (-)C, A G (-)’ 

x xr # 


(3.1) 


G(C)C 2 dC 


with G(C) := e igi ^ (t 2 g 3 (t ;) 2 + tg^)). Note that, by the assumption (11.11) of 771, we have 


< e -*si(€) = e -a«*<(?) 


and 


G (C)< 


e-^<(«)(t 2 |C| 2e - 2 +t|C| £ - 2 ), |C| < 1, 
t(t+l)e- to «<^4- 1 (C)r-li(C)(l + |C|)- 2 , ICI > 1. 
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(1) In the case of |x| > 1. 

By direct calculation, we have 


1 1 r°° 

-12 / G((R<c^ f(f + i)e-^ s „(£) sr 1 (^) r -^ i ( 0 (i + | C |)-2^ 

C| Jf* 1*1 j 1 

+ ^|2 ^ e- ta ‘<^ (fltf*- 2 +t\tr 2 )d£ 

FT 


|x|!+' 

(i+ 

M 2 > 


0 < e < 1. 


Ml+kD e _ i 


< ct(t + 1) 

Using the change of variables, we get 

■ f e~ t9l{ -'>g 2 {-)d^ < ct f~^ e~ t9l{i) g 2 (0 d ^, 
Jo X J 0 


t 

\x\ 


< ct 


< ct-r 


r 2|i| 


;| 1+e 


Since i < 1, we have 


t4 g <z) £ ■=i4«-“-“” <i> (< 2 |i| 2 '- 2 +<i ‘ r 2 ) 

1 ,1, 


\X\° X \X\° X 

I €—2 


Sct(, + 1> cp'i l 


< ct(t + !)■ 


x\ 1+e 


and 


f> 2|*| 


G{Ofdt < ct(t + 1) 


"2M , % 1 

£ e d£ = ct(t + 1) 


| 1+£ 


Hence, by (111.21) . (111.111) . (III.41) . (111.51) and Lemma I2TT1 Theorem 11.11 holds for \x\ > 1. 

(1) In the case of |x| < 1. 

Note that for |x| < 1, taking a = and a = — 2 in (3) of Lemma T2.21 we have 

i /■oo 1 /-00 

M 2 G(Z)dS<ct{t + 1W / t(t + l)e-“' t <^4- 1 (0r-^(0(l + kl)- 2 ^ 

FI JS 1*1 


< c W|4 t ( t+i ) e 

< c{t)^-t{t + l)e~ 






with c(i) < ct for t < 1. By (1) of Lemma 12721 we have 

/ 2|x| < ct(t + 1 ) f ier 2 ^+ a(t + 1 ) [ 

Jo Jo J 1 


"2RT 




4 (CK_i(OdC 


< c (t)ot(t + l)e- 




(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


(3.7) 
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Moreover, if t < 1, then by (1) of Lemma ET21 we have 

r’n r a ° r 

/ G(Oe^<ct(t+ 1) / \tfd£ + ct(t+l) / 

J 0 J 0 J ao 

where ao is a constant defined in Lemma 12.21 By direct calculation, we get 

1 ~' 1 .fl 


|X|° X 

By (2) of Lemma E21 we have 


-i—^ C R + l)rr e 


4 (-K-i(-)- 


(3.8) 


(3.9) 


A [ e t9 ^* ] g 2 {-)df < ct ( |£|R + F e “ ets " (4) 4 
FI Jo x Jo J i 

Hence, from (13.61) to (13.101) . and Lemma T2. II Theorem 11.11 holds for |x| < 1. □ 


(3.10) 


Remark 3.1. Note that pt € L^M). In fact, using the change of variables (x = y 1 ), we get 


f o 

J\x\<i FI 




(R,(RR 

=>j; 


_ e -^4( h) s *-\-)r-\(-)dx 

X XX 

3 1 

e -^ts^) s e-i {x) r-i i{x) dx. 


Use the change of variables (in (x + 1) = y) again, we get 


< c 


o-O-etS^x) „e-l ( S -1 


/in 2 % 


S n-2( X ) r n-2( X )dx 


< c 


r°° i 

/ (In (x + l))rRx 

J S„— l(l) x 

POO 


—ot e tx € e—1, 


*(i) 


< oo. 


4. Proof of Theorem 11.21 

Since p = pi and p is symmetric, J H e _t?7 ^ sin(x£)d£ = 0. Hence, the inverse Fourier transform 
of / := e~ tr/ is real and 

[ e - tr 'R-“R = [ e-^cos RR 
Jr Jr 

= j -— [ e _t?? 4) cos 
Fl J r 

= E 


—oo<fc<oo 


1 /*2(fc+l)7T £• 

I ~\ /(|)cosR. 

1*^1 J 2kn % 
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Note that 


/"(£) = e tT?(s) ((-£??'(£)) 2 + {-tv" 

' e- cit icr 2 , iei < i, 

e -ta„.;«) a e-l(^) r -l i (^)(]_ + |^|)-2 ) |£| > J 


> ct 


■■= <?(ld), 

where ci is a positive constant such that g is decreasing. Then, for fc £ Z, as the proof of Lemma 
12.11 there are e\ £ (£, 7 r — £), e 2 £ (tt + £, 27t — £) and £3 £ (ei, £ 2 ) such that 


1 

Id 


r 2(fc+l)7T 


/(“)c°s = i 4 / (tt - 20(£2 - ei)/"( 27rfc + 63 ) cos£ri£ 


' 2kiv 


— lTPT l ( 7r “ 2 0( e 2 -ei)s( 


|27rfc + £31 


)cos £d£ 


> 


1 /* ® 7 


(tt - 2$)(e 2 - d)3( 


|27rfc + |7r|, 


cos £d£ 


1 J27T&+ |tt|, 

- c 


Hence, we have 


r _ 1 /*2(fc+i)7r c 

e -MO e ~i^ = J2 n / f{-)coBtd£ 

J r Jdd Id Ajbr * 


— oo<fc<oo 


^ 1 |27rfc + g7r| 

^ M* g( Id } 

0<fe<oo 11 11 


> Ct 


1 


g{y)dy- 


2t|x| 


Hence, for Id > 1, we have 


t r°° t f L 

e ~tv(O e ~i^> c / e -tao<(S) s e- 1(0r .-l i(0 |^|-2^ + / g-c.tJ^-2^ 

: FI Ji FI JA 


e 1 

4 + te Clt | r |2-e , 0 < e < 1, 


> c • 


jsp T te T^p 

1 ]7p(i + e _cit ln(i + |d)), e = l- 
Applying (3) of Lemma [2721 for a = —2 and a = 2 ii for |x| < 1, we have 

[ e- tr >& e - ix tdZ > c{t) 

J R Id x x 

5. Examples 

In this section, we show that the Levy symbol induced from the Laplacian exponent d £,n (£) = 
( s n(£))% 0 < e < 1, 1 < n satisfies assumption (11.11) . We also show that ip e ' n satisfies assumption 
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(1). We show that the Levy symbol induced from the Laplacian exponent satisfies assumption 

ED- 

Clearly, ip e ’ n is a Bernstein function and so ip e ’ n is a Laplace exponent of some subordinators. 
First, we consider in the case of e = 1 and n = 1. Let if) 1,1 := ip 1 . By ED, we have 

V 1 ® = = M 1 -*£) 

= - ln(l + £ 2 ) — iTan _1 £. 

Hence, we have 

ViiO = ^ln(l + ? 2 ), 

vl(0 = Tan~ l i. 


It is easy to show that rj{ and 'r]\ satisfy the assumption in Theorem 11.11 for n = 1. Using the 
mathematical induction. Suppose that s n (£) satisfies the assumption of Theorem ll.il Note that 


ri n+ \0 = r + \-iO = ln(l + «„H0) 

= ln(l + vm-iriM)) 

= i In ((1 + <(0) 2 + (%”(0) 2 ) - 


Hence, we get 


< +1 (0 = ^ln((l +^(0) 2 + W(0) 2 ), 


= Tan’ 1 




Under the assumption that 77 ™ and 772 satisfies (11.11) . it is easy to show that 77™ +1 and 772 +1 satisfy 
ED- Hence, by mathematical induction, s n satisfies ED for all n > 1. 

Next, let 0 < e < 1. By (11.61) . we have 


Ve (0 = ( S n{-iZ)Y = ln (! + Sn-l(-*£)) e 

= ln(l + 77?(0 -irism 

'1 


.-1 % n (0 


(2 ln + <(£» 2 + (^2 (O) 2 ) - i^an (1 + 

eln In ((!+»?? «)) a + (lj?(0) a )-»ran~ 1 ) 


)' 


/ \ Tan- 1 , 

I, in (( I in ((!+< (€)) 2 + M (f)) 2 ) )% (Tan " 1 2 ) -«Tan- 









16 


TONGKEUN CHANG 


Hence,we get 

«"■«) - (<i in (d+»r«)) 2 +«(0) 2 )) 2 + ( r “"~’ (1 f^ 0) 


<s\o = (<i in (a+xr«)) 2 +«(0 ) 2 )) 2 + {to 


>??({) 


n 

i>7 


Tan 


cos eT an 


sin eT an 


-1 Va(0 


(1 + ^( 0 ) 

Since 77 ™(£) and 772 (£) satisfy (11.11) . it is easy to show that 77 ^(£) and 77 ^(£) satisfy (11.11) . 
(2). Second, we show that 7/> e,ra (£) = (s n (£)) e satisfies assumption (11.21) . 

First, we consider the case of e = 1. By direct calculus, we have 

(V' ll "(0)' = ^(0 = A,- 1 (0. ty 1,n (0)" = *n(£) = - E B *(0. 


(5 ln ((! + 771(C)) 2 + (772(C)) 2 )) 

T an -i 

_ J an (1+77?(0)_ 

(3 ln ((! + ViiO) 2 + (7)2 (£)) 2 )) ’ 


l</c<n —1 


where for 1 < k < n — 1, 


Ai-i(£) : — (1 + s n _i(£)) 1 (l + s n _ 2 ( 0 ) 1 • • • (1 + si(£)) 1 (1 + C) \ 
Sfc(0:=A»-iK)^fc(0» l<k<n-l, 

B 0 (0:=A l - 1 (0(l+0 _1 - 

Since ify(£) > 0 for all 0 < fc < n — 1, we have 

-W’ 1 ’ n (£))" = E > S o(£) ^ «-n-l(0(! + 0~ 2 - 

l<fc<n—1 

Next, we consider the case of 0 < e < 1. By direct calculus, we have 

-(r(e))" = -( £ -i)c 2 (0 ^-lio + str 1 ® E 

l<fc<n—1 

> Sn-\m 0(0 


□ 
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